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Asymptotic expansion techniques are used, in the limit of large Reynolds number,
to study the structure of fully turbulent shear layers. The relevant Reynolds
number characterizes the ratio of the local turbulent stress to the local laminar
stress, so that a relatively thick outer defect layer, in which, to lowest order,
there is a balance between turbulent stress and convection of momentum, may
be distinguished from a relatively thin wall layer, in which, to lowest order,
there is a balance between turbulent and laminar stresses. The two cases examined
are channel (or pipe) flow and two-dimensional boundary-layer flow with an
applied pressure gradient, upstream of any separation. Attention, for these two
cases, is confined to the flow of incompressible constant property fluids. Closure
is effected through the introduction of an eddy-viscosity model formulated
with sufficient generality for most existing models to be special cases. Results are
carried to higher orders of approximation to indicate what properties for the
friction velocity, integral thicknesses, and velocity profiles, and what conditions
for similarity are implied by current eddy-viscosity closures.

1. Introduction

Engineering results for turbulent shear layers can be obtained from solutions
of time-averaged conservation equations (cf., for example, Townsend 1956). To
make these equations a fully determined system, one must introduce closure
conditions, which relate the Reynolds turbulent stresses, the time averages of
the fluctuating quantities, to mean flow quantities and their derivatives. While
some important general lowest order results may be derived without the intro-
duction of these closure conditions, complete results to lowest order (and to
higher orders) require closure. This paper concerns the extraction of results for
turbulent shear layers for a particular postulated closure condition in the
asymptotic limit of large (turbulent) Reynolds number.

For the incompressible constant property fluids considered in this paper, the
Reynolds number for laminar flow characterizes the ratio of convective to
diffusive forces. A large Reynolds number implies that, near the boundary, a
relatively thin inner diffusive flow layer describable by a parabolic boundary-
value problem may be distinguished from a relatively thick outer potential flow
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layer describable by an elliptic boundary-value problem (cf., for example, Van
Dyke 1964; Cole 1968).

It is important to note that, for turbulent shear flows near a boundary, an
inviscid potential outer flow layer is separated from a relatively thin shear layer
near the wall, by adopting (classical) boundary-layer approximations, not by
formal justification, but, rather, on an intuitive and empirical basis (Rotta 1962).
The Reynolds number exploited in the asymptotic analysis of turbulent shear
flows near a wall characterizes the ratio of the local turbulent stress to the local
laminar stress. It haslong been known, in a general way, that, when this Reynolds
number becomes large, the relatively thin shear flow layer (or boundary layer)
near the wall may itself be further subdivided into two sublayers (Coles 1969).
One sublayer, the defect layer, is a thicker exterior portion, in which (i) the
tangential velocity may be expressed as a small perturbation to the ‘outer edge’
value as the Reynolds number gets large, and (ii) the laminar stress is small
relative to the turbulent stress and the convective and pressure-gradient terms.
The other sublayer, the wall layer, is a thinner interior portion, in which the
turbulent and laminar stress terms are of comparable magnitude, but the con-
vective and pressure-gradient terms are (often) of higher order. The systematic
exploitation of these properties is here carried out by means of limit-process
expansion techniques. In the generality of results, and in a myriad of details,
the results obtained differ from those of earlier intuitive approaches (Mellor &
Gibson 1966; Mellor 1966),

The closure, postulated here for the turbulent boundary-value problem, is
presented in terms of the (conventional) phenomenological device, the eddy
viscosity. It has been asserted, but not universally (cf. Mellor & Herring 1971),
that the eddy viscosity, as a local algebraic relationship, suffices for equilibrium
(orself-similar) turbulent flows only, while a differential relationship (emphasizing
the history) is required for treatment of non-equilibrium (or non-self-similar)
flows (cf. Bradshaw 1967). The point of view adopted here is that the former
eddy-viscosity concept remains a viable one that deserves (asymptotic) analysis,
after which the same approach should be applied to the latter concept. In fact,
the authors believe that the asymptotic apparatus developed in this paper
will need little extension to be applicable to most of the (so-called) second-order
(or field method) closures now in use.

A more practical problem with the eddy-viscosity approach is that, with so
many forms having been proposed for this quantity, a great proliferation of
solutions by numerical and integral techniques has appeared. A major goal of
the current work is to delineate what may be expected from this approach,
through the analytic treatment of a two-layer eddy-viscosity model formulated
with enough generality to encompass most of the models proposed. The proposed
asymptotic expansion techniques, in the limit of large Reynolds number, require
only that a few, conventional, rather weak statements be made concerning the
properties of the eddy viscosity at the wall, in the overlap region (intermediate to
the wall and defect layers), and at the ‘outer edge’. By means of these techniques,
it is then deduced what such a general eddy-viscosity model implies about the
friction velocity, integral thicknesses, conditions for equilibrium flow, etc., to
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successive orders of approximation. The method obtains these results by using
the knowledge of the properties peculiar to the wall and the defect sublayers in
a way that no numerical integration can. Further, this method succeeds best
in the singular limits that provide difficulties for the numerical methods.

Previous attempts at the application of such expansion techniques to turbulent
shear layers near walls have dealt mainly with the reconstruction of the general
lowest order classical results, valid independently of closure (Gill 1968; Tennekes
1968; Yajnik 1970; Mellor 1971). While, in the attainment of even this limited
goal, certain unnecessary compromises have been accepted by previous workers,
the interest here, as was previously noted, is in obtaining new results by solving
the boundary-value problem of the turbulent boundary layer for a broad class
of closures (see Saffman (1970) for an introductory discussion of the potentialities
of the employment of these expansion techniques for obtaining solutions for
explicit closures).

Solutions are developed in § 2 for turbulent channel (or pipe) flow and, in § 3,
for two-dimensional turbulent boundary-layer flow with an applied pressure
gradient, upstream of any separation. For the case of channel flow an eddy
viscosity independent of the local mean strain rate (cf., for example, Mellor
1966) is treated in the main text while an eddy viscosity linearly proportional to
the local mean strain rate (cf., for example, Mellor 1966) is considered in the
appendix. For the case of boundary-layer flow, an eddy viscosity independent of
the local mean strain rate is treated.

2. Turbulent channel flow
2.1. The equations of motion
Consider the steady two-dimensional turbulent flow of a fluid of constant density
and viscosity (i.e., p*, v* = constant) between two parallel, plane, smooth,
stationary walls of infinite extent. Let
x* = h*x, y*=h*y (2.1.1)

represent the co-ordinates tangential and normal to the plane of symmetry of
the channel, respectively, with 2* the half-depth of the channel. The mean velocity
components in the z* and y* directions and the mean axial pressure gradient
are u* = u¥(y*) = ug u(y), v*=0, (2.1.2a)

dp*|da* = (p*ug?/h*)dp[dx = constant < 0, (2.1.2b)
where u is the mean velocity in the plane of symmetry. The relevant Newton
laminar stress, Reynolds turbulent stress and total stress are, respectively,

du*  p*ug? du
=71 (y*) = p*v* 5= = ~mm = 1,
T Ui (Z/ ) prv dy* u(’,"h*/v*dy’ (2 3&)
- k%2 ]
* o k(Y k(i) — P %0 U
Tt _Tt (y )—"p ( uTv ) u(:)kh*/v*edy’ (2.1.3b)
%,,9 du
% %) e ¥k S04y _ ke, %2 P % au
T* = THY*) = 17 (y*) + 7 (¥F) = p*ug” 7(y) u—g‘h*/v*{1+6}dy’ (2.1.3¢)

where ¢ is the non-dimensional kinematic eddy viscosity. In the analysis that
follows, it is assumed that the channel Reynolds number Re = ugh*/v* - co.
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In the domain —o0 < # < 00, 0 < y < 1, the non-dimensional boundary-value
problem describing this channel flow is taken to be

dp 1 d du .

dTU = 1—%—6-@({1 +€} d_y) = constant < 0; (214)
1 du

u—>0, €>0 as y—>1, u—>1, E{1+€}E_g}_>0 as y—>0. (2.1.5)

Integration of (2.1.4) over the domain of y, subject to the conditions (2.1.5),
yields
dp _ L (dwy  __ a (2.1.6)
de Re\dy/,.,
where u, = {—(1/Re) (du/dy),_,}* is the (positive) non-dimensional friction

velocity at the wall (y = 1). Further, from the above, it is seen that (2.1.4) has
a first integral, which may be expressed as

1 du =,
E{1+e}@+u,y— 0. (2.1.7)

2.2, The eddy-viscosity model

In order to solve the foregoing boundary-value problem, the kinematic eddy
viscosity ¢ must be specified. The eddy viscosity adopted here (cf. a more com-
plete discussion of the model in § 3.2) is given by

e(y; Be) = e(n,§;€) = EM () N(Q),
where £={Reu,(Re)}, n={1—y}, &=~E&n={Reu,(Re)}{l—y}. (2.2.1)
Note that, in terms of the (normal) co-ordinates 4 and ¢,

u, = u, (Re) = {(1/Re) (dufdn),_o}* = (dufd),_,.
It is assumed, subject to verification, that
u,(Re) >0 and §(Re) = {Reu,(Re)} >co as Re—>co.

Thus, for £ - co with  fixed, { = {9 — co; while for £ > cowith {fixed,y = {/§—0.

For the development presented, the functions M () and N (), respectively, need
have only the following asymptotic forms:

M(q) = knMy(n) = kp(1+ k9% 4...) >0 as >0

(K, Ky, ... = constants of 0(1)),: (2.2.2a)
M(n)—> K [1-O0({1—9}")] > K, as 7 > 1 (K, = constantof O(1));
N() = Ny(§) > C&*+... >0 as {0 (C,... = constants of 0(1)),} (2.2.25)
N(©) = Ny©) > [1-Oexp{~{)]>1 as {>wm.

2.3. T'he basic formulation

For the analysis, based on the given eddy-viscosity model, consider the following
restatement of the boundary-value problem. The governing differential equation
of (2.1.7), in terms of the variables of (2.2.1) and (2.2.2), becomes

{[xnMo(m) No(Em] + (1/€)} du(y; §)dn = u.(£) {1 —}, (2.3.1a)



Turbulent channel and boundary-layer flow 661
or, alternatively,
{1+ kCN(E) Mo(&[6)} du(€, £)[dE = ., (§) {1 — (/€)Y (2.3.1b)
The (relevant) boundary conditions of (2.1.5) reduce to
wn; €) = u(f;€) >0 as 7,00,
w(n; §) = u(§)>1 as 7—>1,{>E—>c0. (2.3.2)

2.4. The defect layer

For the defect layer, the spatial and velocity variables, respectively, are taken
to be

n=1-y, (2.4.1a)
f(m;€) = [1—u(y; Be)}[u,(Re),
so that u(n; ) = 1—u,(§)f(n;:8); w(§) >0 as £—o0. (2.4.10)

The boundary-value problem in defect-layer variables, for 0 < % < 1, is given by

dfty; €) Ndfm:&) .
(0 ¥em + g LLE w1 -0 = fenatn) )+ LD 1y = 0
f;6)>0 as g1 (2.4.2)

From (2.2.1) and (2.2.2), it is seen that the defect-layer viscosity function
{M@)NEyp)+ (1/E)} - {M () + (1/E)} - M(n) as £ - oo with 7 fixed. This limit for
the viscosity function implies that the laminar stress is negligible compared
with the turbulent stress in such a defect layer.

Consider that the defect velocity function f(y; £) is taken to have an asymptotic
expansion of the form

fm:8) = n§0 = fo(7) Sa(E)fa(m) (2.4.3)

with the gauge functions S, (£) ordered such that 3, +1(§)/Sn(§) -0 as § > 0.
To leading order of approximation, then, substitution of (2.4.3) into (2.4.2)
yields

/ 1-17 1-9 | -
foln) = ~ M) = ) foll)=0. (2.4.4a)

The solution of (2.4.4a) is determined to be

fom) = [ fooln) = fn(m)]

log (1 1TM,
where  fioln) = EGIDXL o) = o [ |G par 2aan)
7

With 8§, = 1/, the equation and boundary condition for f;(7) are

f1(77) - {M(ﬂ)}z {K’I]M }2; fl (2.4.5(1)
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The solution of (2.4.5a) is

Jim) = — & fro(n) = fra ()],
_ 1/p—log(1/y) (XN M(t)
where  fi,(7) -—-—————{M I Juln) = (K1) 2J‘n [ ]fm dt. (2.4.5b)
Note that, with S, = (1/£)", the equation and boundary condition for f,(n) are

(=1 (—y) _ (1) (—m),

T =gty = ey ¢

1) = 0. (2.4.6)

Thus, the asymptotic form for the defect-layer velocity is

w(; €) = 1w E){folm)+ (YElm) + ...}, (2.4.7)

where fo(5) and f,(5) are given by (2.4.4b) and (2.5.4b), respectively. As 5 - 1,
it is required that u(y; £) - 1; while it is determined that, as 3 - 0,

u(y; &) - 1—%u,(§){[log (%)—w0+77+.. ]—z [——log(;)+w1+...] +...},
(2.4.8)

where wy = f,(0), w; = —f1;(0), ... are constants.

To examine the behaviour of u, based on this defect-layer expansion, in
a region between the defect and wall layers, the intermediate variable A, de-
fined by

A=/p&) = EHESE)} b(E) >0, Eh(f)>0 as £—>o0, (2.4.9)

is introduced. Then it follows that the defect-layer variable 5 satisfies
N=¢(E)A>0 as £->oc0, Afixed. (2.4.10)
Application of the intermediate limit, A fixed, £ - oo, to (2.4.8) yields

wxl1 1 {[108{9{)/\}_?”0“'9{’/\4‘ J- [¢/\ log{¢/\}+w1 ]+}
(2.4.11)
2.5. The wall layer

For the wall layer, the spatial and velocity variables, respectively, are taken to

be
§ =&y = {Beu,(Re)} {1 -y}, (2.5.1a)
9(8; &) = uly; Re)[u,(Re), } (2.5.1)
so that W E) = u, () g(GE); uE)>0 as £ oo o

The boundary-value problem in wall-layer variables, for 0 < { < o0, is given by

{1+ kENo(8) Mo(E[E)} dg (&; £)/dE — {1~ (E[E)} = 0;}

g(5;8) >0 as 0. (2.5.2)

From (2.2.1) and (2.2.2), it is seen that the wall-layer viscosity function
1+ kENo(8) Mo(E[€) — 1+ KEN(E)
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as £ — co with { fixed. This limit for the viscosity function implies that the
laminar stress and the turbulent stress are of the same order of magnitude in
such a layer.

Suppose that the wall velocity function g({; £) has an asymptotic expansion
of the form

9(8;8) = Z Tn(8) 9n(8) = 96(O) + mﬁ;le(E) In(8), (2.5.3)

where the gauge functions 7),(£) satisfy 7,,,(£)/7,.(£) - 0 as & - co. Then, to
leading approximation, the flow in the wall layer is prescribed by

90(8) = 1/I1+xkEN,(O)];  94(0) = 0. (2.5.4a)
The solution of (2.5.4a) is found to be

90(8) = ;Cl‘ [900(8) + 90 (8],

¢ —
where oo(8) = log {1+ (x0)}, gn(f) = Kzfo 1 _fils} {ﬁ?ﬁ]ﬁz(s)}

With T} = 1/£, the equation and boundary condition for g,({) are
91(8) = = &[l1+&ENG(£)];  g4(0) = 0. (2.5.54)
The solution of (2.5.5a) is

016 = = (5) T2+ @

(2.5.4b)

where

gu() = (KO ~Tog {1+ ()}, guu(l) = —* [ - L= Da(s)}ds

o {L+xs}{1+«ksNy(s)}’
Thus, the asymptotic form for the wall-layer velocity is

u(§; ) = 4, (E){90(8)+ (1/8) 92(8) + ...}, (2.5.6)

where go(£) and g,(§) are given by (2.5.4b) and (2.5.5b), respectively. As { - 0,
it is required that 4({; §) — 0; while it is found that, as { — oo,

(2.5.5B)

w8 >, (B) {[log C+jo+Ki§+ ] —é[xg—log Cmjut . ]+ } (2.5.7)

where j, = — {log(1/x) — go;(0)}, j; = —{log (1/k) +g11(c0)}, ... are constants.
Again, to examine the behaviour of u, based on this wall-layer expansion, in

a region between the defect and wall layers, the intermediate variable A,

defined by (2.4.9), is re-introduced. It is seen that the wall-layer variable { obeys

{={(d(E}A >0 as f-—>o0, Afixed. (2.5.8)
Application of the intermediate limit, A fixed, £ — o0, to (2.5.7) yields

(T %u,{[logg—log{?’%i}+j0+;<1—£{$li}+...]
—é [(Kg) (pA) —log £ +log {EE/—\} -1+ ] +} (2.5.9)
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Note that (2.5.9) may also be written as

[1——-1-u {[Iog{gm} w0+¢/\+...] 1 HSZSI/\} log{¢/\}+w1 ]+}]
[1—1u {[Iog§+co]+ g[log§+cl]+ }] (2.5.10)

where ¢, = (jo—W,), ¢ = (j1—Wy), ... are constants.

2.6. Results

From a comparison of (2.4.11) and (2.5.10), it is seen that the postulated defect-
and wall-layer solutions for the velocity u match when

1;% (§)10g§{[1+ g] Klg[ locg1§]+ } (2.6.1)

Since &(Re) = Rewu, (Re), directly from (2.6.1), it is determined that the (pre-
liminary) skin-friction law is

1
u.(Re)

> | o Beu (ko) +erl

1
x Reu, (Re) [log {Reu,(Re)}+cq]+ .. } )

(2.6.2)

The (asymptotic) solutions for £ and u,, from the transcendental equation (2.6.1),
are
1 log(x Re) _log {log (x Re)} —c,
E(Re) ™ «kRe log (k Re)

+...]—>O as Re,log Re —» o0,
(2.6.3a)

K log {log (k Re)}—c,
u,(Re) Tog (< 7o) [1 Tog (x Fe) +...| >0 as Re,logRe— 0.
(2.6.3b)

Thus, (2.6.3) demonstrates that the two-layer asymptotic analysis of turbulent
channel flow presented is valid in the limit Re,log Be — co.

The (conventional) skin-friction law for turbulent channel flow is presented
in terms of the cross-sectional average of the mean velocity U* rather than
the mean velocity in the plane of symmetry, u3 . This average velocity is defined by

h* 1
U*=(1/h*)f u*dy*:u{,"U:u(’,"f udy.
0 0
In order to exhibit the results of the present analysis for the above-mentioned

skin-friction law, then, it isnecessary to derive an (asymptotic) expression for U.
From its definition, it is seen that

U= f;[l—u,(a {f0<n>+§fl<n>+...}] a

; f o [R—:@ oo+ (é) 020+ }] a (2.6.4)
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with A fixed, ¢(§) - 0 and £H(€) - oo as £ - oo (cf. equation (2.4.9)). Evaluation
of the integrals in (2.6.4), subject to this intermediate limit, yields

1 1 114
Ux1 - {vo—;g[logg—vl]+ } 5 Ve = . mdt’ ... = constant.
With the introduction of %, = u, /U = w}/U* and Re = ReU = U*h*[v*, from
(2.6.1) and (2.6.5), the skin-friction law can be written as

1 1 — o _ 1 1 .
o p {[log {Re@, (Re)}+co) + m [2log {Re%u, (Re)} +¢,]+ } )
(2.6.5)
where
Co = (Co—20) = (Jo— {Wo+2o}), 1= (c,—vy) = (jy—{wy+v1}),.... (2.6.6)F

The skin-friction coefficient is defined as ¢,(Re) = 2{w,(Re)}2. Thus,

— B 2k2 log {log (x Re)} —¢c, —
cs(Re) = ~—-——————{10g (KE)}2[1+2 Tog (x Fe) +] as logRe—co. (2.6.7)1

The feature of the analysis presented that most warrants comment is the
development of the higher order terms in the defect-layer expansion (2.4.7) and
the wall-layer expansion (2.5.6). From this development, it is determined that,
in the wall layer, the total stress is constant to lowest order (cf. equation (2.5.4)),
and that the first modification (of O(1/£)) to this total stress changes linearly
with the distance from the wall (cf. equation (2.5.5)). Further, it is determined
that, in the defect layer, the total stress is given by the turbulent stress to lowest
order (cf. equation (2.4.4)), and that the leading contribution of the laminar
stress to the total stress is of O(1/£) (cf. equation (2.4.5)). Thus, as £ - oo, with
the higher order terms of O(1/£) — Oflog (k Re)/(x Re)}, at most, relative to the
lowest order terms in both the defect-layer and wall-layer expansions, such
terms represent small corrections.

Other forms of the eddy viscosity, based on mixing-length theory (due to
Prandtl), in which this eddy viscosity ¢ is taken to be proportional to the local
mean rate of strain (du/dy), have been proposed (cf., for example, Schlichting
1968; Mellor 1966). Further, it has been indicated that there exists a wide range
of conditions for which such a model and the one employed in this section should
yield comparableresults. In the appendix, an alternative formulation for an eddy-
viscosity model based on mixing-length concepts is treated by asymptotic
methods parallel to those of this section. For both models, the results, which are
quite similar, indicate that such asymptotic methods (for Re -> o0) provide an
effective means of analysing closures, in general.

+ The values of the constants ¢g, ¢y, ... can be determined only with the specification
of the functions M(7), N({) (andfor My(n), Ny({)), since w, and v,, wy and v,, ... are defined
by definite integrals dependent on the function My(%)}, and j,, J,, ... are defined by definite
integrals dependent on the function Ny({).

1 To leading order(s) of approximation, this expression for ¢; (as log Re > o) depends
upon the eddy-viscosity model adopted only through the constant x. It is only in the
higher orders of approximation that ¢, depends upon the constants (cg, ¢y, ...) derived
from particular functional forms (to be specified) for My(5) and Ny({).
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3. Two-dimensional turbulent boundary layers
3.1. The equations of motion
Consider now the steady two-dimensional turbulent boundary layer of a fluid
of constant density and viscosity (p*, v* = constant) at a smooth surface. Let
x* = L*x, y*=L*y (3.1.1)
represent the co-ordinates tangential and normal to the surface, respectively,
with L* a characteristic longitudinal body length. The mean velocity components
in the z* and y* directions and the mean kinematic pressure are
w*(@*,y*) = wiu(@,y), vt y*) = uivz,y), (3.1.20)
PHa*) = p¥+ (p*ut?) P(), (3.1.28)
with «* and pX the (free-stream) velocity and pressure in the undisturbed
region far from the surface; the specified tangential velocity at the ‘outer edge’
of the boundary layer (y* — o0) is taken to be
U*(x*) = uX U(x), (3.1.3)
with UdU/dz = —dP|/dz. The relevant Newton laminar stress, Reynolds tur-
bulent stress and total stress are

ou* prutt ou
dlk oKy kg P Yo OW
T (.’L‘ Y ) Py ay* u’:,L*/V*ay’ (314:(1)
%2
Kok oK) — pR( gy K g RTy — p__u._""____ 3_’!1,
Tt(x 3 Y ) P ( urv ) u::,L*/V*eay, (3‘1‘4b)
T*(@*, y*) = {1 (@*, y*) + 78 (@*, y*)} = (p*uiP) T(2, y)
pruk? ou
= — 1 _— P %
u’:,L*/v*{ +€}6y (3.1.4¢)

In the analysis that follows, it is assumed that the free-stream Reynolds number
Re = uk Ljv* - 0.

Inthedomain x > x,y, 0 < y < 00, the non-dimensional boundary-value problem
describing this boundary-layer flow is taken to be

ou v oy oy
-é;+a—y_0, so that u_a—y—, V= (3.1.5qa)
ou  ou a1 0o ou
ué—i+v@—U—a—; —1—%—6@({1 6}6—?;), (3.1.5b)
u,v—>0, e>0 as y—>0 (x>x), (3.1.6a)
uw—>U, (1/Re){1+e€}oufoy >0 as y—>cw (x=z,), (3.1.6b)
u—>uy, as x—>x, (y>0). (3.1.6¢)

Integration of (3.1.5) over the domain of y, subject to the conditions of (3.1.6),
yields the (so-called) von Kérmén integral, which may be expressed as

u, (df 8\ (6 dU\ |}

1 (ou % @ u ® g %
“, {E(@)H}, a=f0 [l—ﬁ]dy, 0=f1 —U-[l——[j]dy. (3.1.7b)

where
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In (3.1.7), u.(x) (= ufful = {{v*(du*/oy*),_o1}/u%}) is the non-negative friction
velocity at the wall; d(x) (= é*/L*) and 6(zx) (= 6*/L*) are the (conventional)
positive displacement and momentum thicknesses.

3.2. The eddy-viscosity model

In order to solve the boundary-value problem (3.1.5) with (3.1.6), the eddy
viscosity € must be specified. The eddy viscosity adopted here is given by

é(x, ?/;Re) = e(ga"]’ €) = gM("]) N(§),

£ = Re*(z) = {Re U(z) A(x)} A’ (), (3.2.1)1

7 =y/A), §=E& = ReU(z)A(z)y.
In (3.2.1), A(x) (= A*/L*) is the reference boundary-layer thickness (to be
determined), while Re*(z)(={U*A*/v*}dA*/dz*) is the reference boundary-
layer Reynolds number, to be determined. Note that, for £ - co with 7 fixed,
¢ = &y — oo; while, for § - oo with { fixed, 3 = {/£ - 0. For the development

presented, the functions M (y) and N ({), respectively, need have only the following
asymptotic forms:

M) = kpMy(n) = kp(l+ k9% +...) >0 as 9—>0
(, kg, ..., = constants of O(1)),
M@#) > K [1—O0(exp{—9})] > K, as >0
(K, = constant of O(1));
NG =N > Ctm+...>0 as >0
(C,m, ... = constants of O(1)),} (3.2.2b)

N(&) = No(§) > [1-O(exp{—-E})] >1 as {—>co.

The model, as defined by (3.2.1) and (3.2.2), is a continuous two-layer model
for the eddy viscosity (cf. §2). The quantity £M(7n), as given, represents a
generalized outer-layer (or defect-layer) factor for the eddy-viscosity function.
The basic form of this defect-layer factor is a modification of that suggested by
Clauser (1956). Similarly, the quantity N({) represents a generalized comple-
mentary inner-layer (or wall-layer) factor, whose given form incorporates the

essential features of the Van Driest (1956) dissipation factor.
1t is appropriate to consider the effective viscosity function

L+e(,n,8) = 1+EM () N(E)
in more detail. For an outer or defect layer, defined by £ — oo with # fixed, such
that ¢ = &9 — oo, this viscosity function is given by
1+EM(n) N(En) = 1+EM(n)[1—-O(exp{—&n})]
= HK[1-Oexp{—7})]+(1/§)} as 7> (3.2.30)
~ Erpll +koym?+ . ]+ (1/E)} as 5> 0. (3.2.3b)
t Superseript asterisks are reserved throughout this paper to denote dimensional
quantities ; quantities without the superscript asterisk are dimensionless. The four excep-
tions are the use of the superscript asterisk to distinguish the reference boundary-layer

Reynolds-number function introduced in (3.2.1) and three ‘conventional’ Reynolds-
number functions introduced below in (3.6.33), (3.6.39b), and (3.6.40a).

(3.2.2a)
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For an inner or wall layer, defined by £ — co with { fixed, with 9 = {/{ > 0,

1+ EM(L/E) N(E) = 14+ kEN(E)1 +ko(E/E)* +
14+ (O)Em A 1+...] as (>0 (3.2.4a)
~ kC[14+u,(8/E2+...]+1 as §—> . (3.2.4b)

That the model is continuous follows from the asymptotic behaviour of (i) the
outer form as % — 0 and (ii) the inner form as { — co. Note that, from the above,
(i) € > K £ at the ‘outer edge’ of the boundary layer (cf. Clauser 1956) and (ii)
€ — (kC){™1 — 0 at the wall (cf. the arguments of Phillips (1969) for m+ 1 = 3).
It should be pointed out that, since 7§/7] = 7,/7, = €, because of the (specified)
behaviour of this continuous two-layer effective viscosity, (i) in the outer layer,
the order of magnitude of the turbulent stress is greater than that of the laminar
stress by a factor of § (¢ @ £M(n)); while (ii) in the inner layer, the orders of
magnitude of the turbulent and laminar stresses are the same (¢ ~ kN ({)).

3.3. The basic formulation

For the analysis, based on the given eddy-viscosity model, consider the following
reformulation of the boundary-value problem. The spatial variables are taken
to be

£ = Re*(x), n=y/Ax); £—>00, 0Ly <o, (3.3.1a)t
so that x%:i—{[l H+B]§ag 17817 y%:n%, (3.3.1d)
with A(E(@)) = A@)[zA' (@), B(E@)) = A@) A"@)[A' (@
II(5(x)) = —{A(=) /xA’(x)}xU’(x [U(x)

The ‘normalized’ stream function is taken to be

W(E,m) = Yz, y)/U(x) A(), (3.3.2a)
so that

_ __v=z,y) yu(@,y) _ _

(3.3.2b)

g+[1—n]11f}.

The governing differential equations of (3.1.5) in terms of the variables of
(3.3.1) and (3.3.2), with the introduction of (£, ) = M(y) N(£»), become

0 2 o2¥ oY)
%({Eﬂg} o )*“ Y Ze-1 (1‘[%] )
¥ 2 ¥ o¥

= [1'H+B]g(%5§‘a7f¥a 2) (3.3.3a)

1t The boundary-layer Reynolds number, the largeness of which is the basis of the
succeeding asymptotic expansions, is also a convenient choice for the ‘streamwise co-
ordinate’. The expansions to be employed thus have the aspects of ‘co-ordinate expan-
sions’ with the region of validity far downstream from the initial station.
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or, alternatively,

%({E+%}%-[1_@]{[1 11+B]gag [_H]Iy})

-lu-memeg(G -5 -G -F) - -5

(3.3.3b)
The boundary conditions of (3.1.12) become

Y, 0¥/op -0 as >0, ¥/ogy—>1 as 7->oc0. (3.3.4)
The von Karméan integral, with the introduction of S({(x)) = A’(x), reduces to

=365 551,

{[1—H+B]§d§ +[(1—3T+B)— (H—l)l’[]@}%, (3.3.50)
o B[ )
-0 (] 2|

H(E(z) = AJO = 8/6.

Note that, from the defining equation for A, it follows that there is an additional
constraint on the behaviour of ¥, namely, that

¥Y—->y—8A as 7 -—>oc0. (3.3.6)

3.4. The defect layer
For the defect layer, the spatial variables are taken to be
£=Re*(x), 7=y/Ax); £>00, 0<y<o0. (3.4.1)

As previously noted, this defect layer is defined by £ —> oo with 5 fixed, so that
{ = £n - 0. The stream function is taken to be

W n) = Y, y)[lU ) A@)] = 1-S8E) F(E, ), (3.4.2)

where S(£) is the reference defect function (to be determined). For the analysis,
S8(€) - 0as £ — co. The velocity components, derivable from this stream function,
are

(€, n) = u(x,y)/Ux) = 1-SoF oy, (3.4.30)

- o(, ) yulr,y) N
(&) = U(x)A,(x)—U(x)A(x)——[1-H]( 1+T{g g+F}), (3.4.3b)

with T'(&) = — £87(£)/S(&). It is noted, from (3.4.3a), that
(UT)eF oy = (1)1 — @[U)] = (U —w)u,,

the modified defect velocity law.
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The boundary-value problem in the defect-layer variables, from (3.3.3) and
(3.3.4), is given by

/M

1+T{[1 mg—= g+[(1—3H)+T(—2H)]F})

o m (g
—[ n]gag([ F]) [(1—2H)+T(—1)][a£]}; (3.4.4)

oF o2F

F— A, 377’8772

>0 as 79— o0, F—>0 as 7—0. (3.4.5)
From (3.4.4) and (3.4.5), it is determined that the first integral of the defect-
layer equation is

0*F iR oF 1

(o-mez+ [(1~3I0)-+7(—2I0)] ¥)

_1_5_*7{[ n]({gﬁ; F}aF)}= 1+T{[1 H]g‘z (1= 3T0) 4+ T(— 2H)]A}

sesalo s ([T oo [ 2T o).

(3.4.6)

3.5. The wall layer
For the wall layer, the spatial variables are taken to be
E=Re(), (=& =Re@fyA@}; >0, 0<l<ow. (35.1)

The wall layer is defined by £ — oo, with { fixed, so that = {/£ — 0. The stream
function is taken to be

V(&) = ¥(@,y)/[U(x) Ax)] = (S()[§) G(£, D), (3.5.2)

with S(£), now, the reference wall function (to be determined). The velocity
components are

u(§,§) = u(z,y)/U(x) = S 0G/o¢, (3.5.3a)

v(z,y) yulx,y)  S:[1-1I] o
Y68 = DA @) T T Aw) w1+Tk%+%Z

with, again, T(§) = —£8'(£)/S(&). Note that, from (3.5.3a), it follows that
(1/T)0G[eg = (1]y) (w|U) = u/u,,

}, (3.5.3b)

the modified wall velocity law.
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The boundary-value problem, in the wall-layer variables, is given by

2 2 2
82 1 oG *Q 8G6G)}; (3.5.4)

-y { -] - (e

Q,0G/ot—>0, *Glo2—>T? as (-0, G—->oo as {—>o0. (3.5.5)
From (3.5.4) and (3.5.5), it is determined that the first integral of the wall-layer

equation is

{1+K§1%Mo}gzg—{rz+11€} s 1—H{g6GaG}

WITBRI+T " & T

-gsrerl e, [ 9 -men(f, ] ) eoo

3.6. S(£) = «/log&

Suppose that the defect-layer function and/or the wall-layer function S(£) is
given by

S(£) = k[/logé, sothat S()—>0, SE—>w as £—>o0. (3.6.1)

Note that consideration of this case is suggested by the results obtained in the
analysis of turbulent channel flow in §2 (cf., for example, (2.4.7), (2.5.6) and
(2.6.1)).

3.6.1. The defect layer. For this ‘distinguished limit’, i.e.,
T(E) = —£8'(€)/8(8) = 1/logE >0 as £~ oo,
the defect-layer boundary-value problem for f(£,7) = «F(£,7) reduces to

A

-t

—[1-T]& g([g{}]) [(1-2H)+T(-1)][%n; (3.6.2a)

I frow = KA, 2{7 ;{;—)O as 7 ->oo. (3.6.2b)

H]§a£+[(1—3n)+T(—2H)]f})

With 7 fixed, £ — o0, for this case, it is assumed, subject to verification, that
the defect-layer stream function f(£,7) and the pressure-gradient function II(§)
have the following asymptotic expansions:

§ 77) {fol&,n) + T(E) fol&,m) + TE) fol&sm) + .. 3+ .. (3.6.3a)
) 2 {TT(E) + T(E) Ty (E) + T2(E) T, (&) + ..} + ... (3.6.3b)
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For such a formulation, it is determined that the equations and boundary con-
ditions for fy(£, ) and f,(§, ) are

KnMoavf"Jr[l o]ﬂaf" [i1- 168 111,11

o
:_:[1_Ho]gdjgéw+[1-3no]f0,m}, (3.6.40)
Jo>Jow Ufolon—>0 as 5> o0; (3.6.4b)
enty 2 1= 100 D11 11 2 - 311 1
- {[1 —1I,] gdflé%r [1— 31'[0]f1_w}
{0 -meBem s om0 -1

-] ) vo-ena ([ 5] 9]
+H{778{7° af" 3f0}+[1 {[ af0+f0][af0 ]}, (3.6.50)

f1—>f1,m, ofifon -0 as 75— oco. (3.6.5b)

Attention is now directed to the defect-layer tangential-velocity function
u=1-80F|oy = 1-T offoy. It follows that, within the framework of this
asymptotic analysis, this velocity function is represented by the expansion

o l- T{8f0+T8f1+T28f2 }+ (3.6.6)
on o on

Near the wall, as # — 0, it is determined, from (3.6.4) and (3.6.5), that df,/dy
and 9f,/on have the following asymptotic expansions:

6f0 -0, [{log (%) _10} —y {vg,log (%) - u{,} + ] , (3.6.74)
where kQy(&) =[1—11,]& J;ng'f' [1—3IT,]fo, 0

kIy(§) = function of integration (to be determined),

e) = 21y~ [1- 1 [ 252,

E) = [1 =310~ (1= 1] [ G - 2)

+(2H0—[1 0][ 51‘;2])(1 1),...;  (3.6.7b)
or ol o))
+ Q3 :77 log (%)} [{Xolog (%) —YO}-i- ], (3.6.8a)
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where «Q,(£) = {[1 —1Il,] gdfl’m +[1~ 3Ho]f1,oo}

3
- [ - o, + - o)
(=g ([ 5] o) w0 -ena( 5] o),
kI,(§) = function of integration (to be determined), ... . (3.6.8b)

Thus, as 9 = 0,

u = 1-T[Q({log (1/7) — Lo}~ n{Vy log (1)) — Wo} +...)]

= T[Qy({log (1/m) — L}+ ..) + @5 log (1/m)} ({Xolog (1/m) — Yo} + ... )] — ...
(3.6.9)
For the examination of the behaviour of @ based on the defect-layer expansion,

in the overlap domain, between the defect and wall layers, the intermediate
normal variable A, defined by

A= ypE) = YESE); $E) >0, EpE)>w as £, (3.6.10)
is introduced. Then, it follows that the defect-layer normal variable 3 obeys
n=¢E)A—>0 forAfixed, £- occ. (3.6.11)
Application of the intermediate limit A fixed, £ - oo to (3.6.9) yields
u = 1-T[{Qy(log {1/pA}— L)} + T{Q, (fog {1/pA} — L)} + ...]
+TQo($A) [V log {1/A} — W) — T{Qo(log {1/$A} — L) (X log {1/¢pA} - ¥,)} 4(-3 .é] 12 .

3.6.2. The wall layer. For T = 1/logf — 0 as § — co, the wall-layer boundary-
value problem for g(£, {) = xG(£, {) reduces to
If
({1 + KN, My} a§2) 7T
1 _me(% 2 _%97)\).
- gpir| W D]+ 0-me(Gd- )l @000
g,09/0f - 0 0%*g[og*— kI as {—O0.

With { fixed, £ — oo, it is assumed, subject to verification, that the wall-layer
stream function g(&, ) and the friction velocity and pressure-gradient functions
I'(§) and I1(£) have the following asymptotic expansions:

9(5,€) = {90, O) + T(€) 1 (£, )+ T*(E) 9ol £, D) + ..}
+[1/ET(E)){g10(E: ) + T(E) g11(£, §) + T*(E) g1a(£, ) + ...} + .5 (3.6.140)
T2E) = {Qo(€) + T'(8) Qu(8) + T*(£) Qp(£) + ...}

+ [1/ET(E)) {Q1(8) + T'(§) Quy(8) + T*(E) Qua§) + -} + -, (3.6.14b)
(€)= {IL(E) + TE () + T*E) Ia(E) + ...} + ...

To leading orders of approximation, with €=« (and Ny(&) = Ny(§)) and
G:(€,8) = kgy(£,0), 1= 0,1,2,..., the flow in the wall layer is governed by
(1+ LN} 2,/082 = Q5 §;,05,/08 -0 as {—0. (3.6.15)
43 FLM 56
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The first and second integrals of the above equations are given by

07;0€ = Quflog (1 +§) +J1} = Q,dG/dE, (3.6.16a)

§, = Q{1+ 1og(1+§)+§ Ji—-1) =T} = Q,G, (3.6.16b)

where Ju(&) = f;{1+gé{}1{1+€ oAt df, with k=1,2,.... (3.6.17)
1 1 1

From a consideration of the next higher orders of approximation, it is de-
termined that the functions §,;(£, &) = kgy;(£,£), ¢ = 0, 1, satisfy

{1+§No}ag“—-9h+()ng 5.,05 .0 as 50, (3.6.18q)

og2 P14
so that
8914 dG@, (1\2. dG
S = Qullog(1+0) +J1}+( ) fg-log (1+8)+ T} = Qw5 ( ) I8
(3.6.18b)
Further, it is determined that the §,,(¢, &) = xgy;(£,§), = 2,3, ..., satisfy
5 024, . 1\2 > ~ ~ 5
0+ 80358~ 0t () I+ D Di=Died.  (3.019)

Note that the function D,, for example, is expressible as

- ([ 2 )
o na [ <[] ) (0]} e

Attention is now directed to the wall-layer tangential-velocity function
u = S 0G[0¢ = T og/of. Within the framework of this asymptotic analysis, this
velocity function is represented by the expansion

S e e A (T e S )
(8.6.21)

Near the wall, as §{ = (1/x) £ - 0, the asymptotic behaviour of % is given by
— 1
u K(g[l—m+2§M+l+ ]) (T [{QO+TQI+ "'}+§T{Ql°+Tgll+ s ])

2xC 1
2 +1
+k (;{ [ s 3§m + ]) pr: {Ie+ 7T, +..3+..]+.... (3.6.22)
Far from the wall, as { = (1/k) £ = o0, the asymptotic behaviour of % is given by

U= T[{(1og§+=71)+---}{(90+ml+...)+gLT
+{§~1(log§—J2) }:1

—IT(H0+TH1+T2H2+...)+...}
+ {Clog L(log &+ 2, — 2)) +. }{ LD, 4. )+ }+] (3.6.23)

(Qm+TQu+...)+...}

33

where J; = J,(c0) —log (1/«), Jp = Jy(c0) +1og (1/K), ... are constants;
D, = QFf — I+ [1— I ] [(£/Q) dQ/dE]}, ...
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For the examination of the behaviour of % based on the wall-layer expansion,
in the overlap domain, between the defect and wall layers, the intermediate
normal variable A, defined by

A=17|pE) = {ESE); PE) >0, £P(E) >0 as £—>c0, (3.6.24)
is re-introduced. Then, it follows that wall-layer normal variable { obeys
{=4{E4(E)}A > oo for A fixed, £->co. (3.6.25)
Application of the intermediate limit A fixed, £ > oo to (3.6.23) yields
%z Qg — THQ(log (1/$A) — ) — Q)+ T (log (1/$A) — J,) — Q) +...]
+ GA[{(1/) Do+ )} +...1+.... (3.6.26)

3.6.3. Results. From a comparison of (3.6.12) and (3.6.26), it is seen that the
postulated defect-layer and wall-layer solutions for the velocity function % match

Wwhen Qyo=1, Q=54 Q= (L-h)-4),..; (3.6.27q)
Q=0 =1 Q =20, =U,~-J),... (3.6.27b)

The results of (3.6.27a), in turn, produce the following leading terms in the
expansions for the friction velocity function:

I'? ~ {1+ (1/log &) (Iy— J}) + (1/log £)2 (I — Jy) (L, — Jy) + ...} +....  (3.6.28)
Further, the results of (3.6.27b), with respect to the displacement-thickness
function, yield A= {Ag+(1logE) A+ .. 1+ ..., (3.6.29)
where A, and A, are given by

[1-—- o]g dg +[1—3H0]A0 = 1; (3.6.30a)
[1-TL,) 53 +[1 - 3T A,

= (=) +{{ 4 1~ e S+ (301, + 1 - -1

v [2] o) ro-ana [} 4] ). e

As a direct consequence of the above, it is determined that in the present
formulation the (preliminary) expression for the skin-friction coefficient c; is

o VH(OU*[0y*)ymg _ 2 (0u)0y)y—y _ 2(u,|U)? = 2y? = 2(ST')? = (2«*) (IT)?

%~ Re U
~ (2«2) (1/log £)2[{1 + (1/log &) (I, — J1) +(1/log &)* (Jy— Jy) ([, — ) + ..} + ...
_ o (3.6. 31)
Since S(£) is given by gy _ gy = x(1/log ), (3.6.324)

it follows that S(z) is given by
S(z) = kT(x) = k(1/log [Re U(x) A(x) S(x)])

= k(1/log [«{Re U (x) A(x)} T'(x)]). (3.6.32b)
With ReX(x) = {Re U(x) A(x)},T then,
(1/7) +1og (1/T) = log (« Re}), (3.6.33)

t Compare the role of ReX = U*{z*)A*(z*)[y* in boundary-layer flow with that of
Re = U*h*[v* in channel flow.

432
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80 that (1/T) = log (x Re}) [1 —%——%@+ ] ; (3.6.34a)

_ _ - K log {log (x Re})}
8 =T =dA|dx = fog (D) [1+ Tog (x Be¥) +] (3.6.34b)

Tt is seen that (3.6.33) demonstrates that the two-layer asymptotic analysis of
turbulent boundary-layer flow, as postulated in this subsection, is valid in the
limit Re, log Re} — oo. In turn, on the basis of the above, it is determined that
the thickness gradient function A(x)= {(x/A)dA/dz}~? and the pressure-
gradient function

() = —{(x/A)dA[dx} 2 (x| U)dU|dx = — A(x) D(x)
have the expansions
Ax{4,+T4;+...}, Hx{l+TI+..}=—-0{4,+T4,+...}, (3.6.35q)
where 7'(x) is given by (3.6.32)~(3.6.34) and
Ag=1, Ay=(1fx)([[1+D]da),.... (3.6.35b)

Consider now the quantities y(x) = S(£) ['(€) and &(z)/A(x) = S(€) A(§). The
expansion for y(x) (cf. (3.6.27a) et seq.) is

Y= KT Yo+ Tyi+-- 5 Yo=Q=1, 7,=1%Q =3LH~Jp),.... (3.6.36)
Snmlarly, the expansion for 8(z /A ) (cf. (3.6.27b) et seq.) is
(8/A) = (KT){(8] D)o+ T(S]A); +...};

2 d( a/A),,/der [1+30](8/A), = 1,
4] - -4~ 24) ()

+(1){ dx(f [af"] d’l)+[1+2¢>](f [af"] d?;): . (3.6.37a)
s0 that (_)0 { U3}{fU d} {( )(dz)} : Z=fU3dx;.... (3.6.370)

Note that from the above it follows that

o () for () e

With (3.6.31)—(3.6.34) as a background, it is now possible to present expressions
for the skin-friction coefficient c;in terms of the (more ‘conventional’) Reynolds-
number functions ReX = Re UA = U*A*[v* and Re} = {Re Uz} = {U*z*[v*}.

(i) In terms of the former function, c,is given by

o~ 22 2log {log (x ReX)}+ Q
7= {log (x Re¥)}? log (k Re*
A )

1] as log Ref —c0. (3.6.39q)

(ii) In terms of the latter function, ¢, is given by

2«2 [ 4log {log (k2 Re¥)} + Q,

~ *
c {log (@ BF) Tog (<2 Be¥) +] as log Re¥ — 0. (3.6.39b)
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In order to compare the results of this analysis with existing analyses (e.g.,
Mellor & Gibson 1966), it is appropriate to introduce (i) the displacement-
thickness Reynolds number (function) B* = Re¥ = U*8*/v* and (ii) the pressure-
gradient function § = 8*(dP*/dx*)/p*u¥2. In terms of quantities introduced in
this analysis, including Z = f U3dzx, these functions are given by

% = £A = (8]A) Bek = {(3/A) (Afw)} Re
_frdZ\7t  kRe} _ [z dZ\"t  k*Re}
= {Z%} {log (x Re})}? = :Z %} {log (k? ReX)}?

J=TIA/T? = =7/SH8/Y; _ =z(35)_2jif}+ . (3.6.40D)

Further, the normal spatial variables of the previous analyses are related to those
of this analysis by
A Z dx
¢ = B¥j = uFy*v* = (y)8){ =~ E+.... (3.6.41b)F
In turn, with £ = B*/YT, g = Y, { = /T, where
Y = A/l = (8/A)}y = (3/7)/A - {(w/Z) dZ[dx}~

(cf. equation (3.6.38)) and I = y/S — 1 (cf. equation (3.6.36)), the eddy viscosity
of (3.2.1) may be re-expressed as

e = {R*[YT} M(Y7) N(T) )
= {B*|T} [k My(YH)] Ny({B*[T} ) = [k(§IT) No(§/T)] My({B*/Y}2L), (3.6.42a)
so that, in the defect and wall layers, respectively,
e > R*[xiMy(YH)]; €~ [kEN,(D)]- (3.6.42b)

Note that since II = (I'JY)f - (1/Y)§ (cf. equation (3.6.40b)), with some
mathematical manipulation, it may be determined that Y is related to £ by

+..., (3.6.400)

}’l]+ (3.6.41a)

x%+¥'—> [1+34], sothat Y > 1+§fﬁdm. (3.6.43)

To complete the picture of the two-layer turbulent boundary layer, consider
the uniformly valid (or composite) expansion for the tangential-velocity function
% = u/U. On the basis of the defect-layer and the wall-layer expansions (3.6.6)
and (3.6.21) for this function, and the matching conditions (3.6.27) on these
expansions, it is determined that the composite expansion (cf. for example,
Van Dyke 1964; Cole 1968) for %, to leading orders of approximation, is given by

7[5y -)
+T(%ig [2{; I J)(log%—ll)])+...}+.... (3.6.44)

+ The variable ¢ defined in (3.6.41b) is, of course, not to be confused with the ¢ intro-
duced below (3.6.14).

U

1
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For the purposes of comparison, it should be noted that Coles (1969) has proposed
a ‘ composite’ formulation for %, based on a survey of existing experimental data.
This formulation, written in terms of the variables of the present analysis, is

given by % = T{T'(f+#0)}, (3.6.45)

where # is a function of £, @ is a function of (A/5)7, & being the ‘boundary-layer
thickness function’, and f is a function of I'¢ (see Coles (1969) for the properties
of these functions). If attention is limited to the lowest order results in (3.6.44)
and (3.6.45) (such that I' - 1), then (i) f is identifiable with d¢,/d¢, and, con-
sequently, (ii) #@ must be identified with (though it is not as general as)

— [9folon— (log (1/n) — L)].

3.6.4. Concluding remarks. In this section, then, for S(£) = «(1/log£), an
asymptotic analysis of the turbulent boundary-layer boundary-value problem
(3.3.3)-(3.3.6) for a ‘sufficiently general’ eddy-viscosity model, (3.2.1) with
(3.2.2), has developed the ‘wall velocity law’ and higher order corrections
(cf. equation (3.6.21)), and the ‘defect velocity law’ and higher order corrections
(cf. equation (3.6.6)).

It is noted that the current analysis is a quite general one, in that, for the
determination of the solutions for the outer (or defect-layer) expansions and the
inner (or wall-layer) expansions of flow quantities, it is not required that these
solutions be self-similar. Previous analyses (cf. Mellor & Gibson 1966) have
treated the less general case of the (so-called) equilibrium turbulent boundary
layer, in which, to at least the leading orders of approximation, the solutions for
the flow quantities in the outer and inner layers are required to be self-similar.

(i) With Qg = 1 (cf. equation (3.6.27a)), it is seen that, to lowest order, the wall
layer is self-similar, since g,(£, &) = () = (1/x) G4(x) (cf. equation (3.6.16)).

(i) From (3.6.4) and (3.6.7), it is seen that, to lowest order, the defect layer is
also self-similar if f (£, 7) = fz(y), which, in turn, requires that I (§) = II; = con-
stant. This requirement on the pressure-gradient function for self-similar be-
haviour in the defect layer corresponds to that proposed by Clauser (1956) from
experimental observation. The constancy of II; implies a power-law dependence
of the outer edge speed U on the tangential co-ordinate 2. The special properties
of equilibrium (or self-similar) flow have been fully developed so often in the
past that repetition here is unnecessary (see Mellor & Gibson (1966) for a dis-
cussion of the literature). It should be noted, however, that, with

Yy = {(8}y)/A}g — 1/{1~3I1g] - [1+3F]

(cf. equation (3.6.43)), the frequently adopted identification of the boundary-
layer thickness Ay with (0/y)gisnot exact,even to leading order of approximation,
except for the special case of the zero-pressure-gradient boundary layer, where
ﬁE = 0.

It should be noted that once the conditions for matching are given (cf. equation
(3.6.27)), for the wall layer, to the orders of approximation considered, the
(detailed) velocity profiles can be obtained, subject to the introduction of a
specific function N,({) to perform the indicated quadratures (cf. equations
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(3.6.16)—(3.6.20)). The analogous statement for the defect layer, however, is that,
with these matching conditions given for the defect layer, the (detailed) velocity
profiles (to successive orders of approximation) can be obtained, subject (now)
to the introduction of a specific function My(y), from a sequence of solutions to
(properly posed) two-point boundary-value problems (cf. equations (3.6.4)-
(8.6.8)). These defect-layer boundary-value problems may be treated by
numerical or weighted residual techniques, with the computations cutting off
at the inner edge of this layer (rather than continuing through the wall layer to
the wall itself).
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is supported by the Office of Naval Research, Department of the Navy, under
contract N00014-67-A-0226-0005, NR-098-038. Reproduction in part or in full
is permitted for any use of the United States Government.

Appendix. Turbulent channel flow: alternative eddy-viscosity model

The non-dimensional boundary-value problem for turbulent channel flowt is
taken to be (cf. (2.1.5) and (2.1.7))

1 du =, )
E{1+€}@+ufy—0, (A1ta)
u—>0, ¢>0 as y—~>1, u—>1, 1_;;3{1+6}‘%_>0 as y—>0. (A1b)

The eddy-viscosity model adopted here (for the closure of (A 1)) is one based
on mixing-length theory, namely,

L f) = L N _ e &) [_£_du(&:é)
etr,5 & = £l Fen [ 2LE) - v 1 (3) 257 o)
with £ = Reu,(Re); 7 = 1—y, { = &y = Reu,(Re){1—y}. It is assumed (again)
that u,(Re) - 0 and £(Re) = Reu,(Re) - oo as Re - oo (such that u.(§) - 0 as
£ - o0). The functions M (y) and N(¢) have the following asymptotic forms:}
M (n) = Ryl )P > Ry (1+Ry7%+...)>0 as >0
(K1, Ry, ... = constants of O(1)),

A3
) > Rl -m =01 -] >0, as 71 Ase)
(R, = constant of O(1));
N =8 —>0¢+..>0 as {~>0 (0,... = constants of 0(1)).}
(A 3b)
F() = Fy6) > [1-Oexp{—¢P]>1 as {—c0.

+ The notation of the appendix is that of §2, except where noted.

1 Theauthors plan to pursue certain aspects of the model further. The analysis presented
here for this model is limited to the leading order matching of the defect-layer and wall-
layer solutions.
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For the defect layer, the spatial and velocity variables are

n=1-y, f;€)=[1—uly; Re)lju,(Re); (A4)
the boundary-value problem, in the domain 0 < 5 < 1, is given by

A a7 “df 7;€) df(1;€)
(e 230 9t | - L2 o) [Ty - } “s
f;8) >0 as 77—>1.
With f(5; £) taken to have an asymptotic expansion of the form
_ T €) = fom) +A/E) fr(m) + ..., (A 6)
it is determined that
{fom}t = (1- 77 /{/?771‘? } } A7)
s0 that foln) = ’}/KWM » o)
The solution of the above equation for fy(7)
folm) = (/%) [fooln ~f01(77)], (A8a)
where Yt —log [1+ (1—7)4} 1 M4t
_ log (1/n) —2{(1—n)t —log {1+ (1 —p)
Jooln) = Mo("?) s Jolm) = 2 7,)
(A 8b)

Application of the intermediate limit (A fixed, § - o0), as deﬁned by (2.4.9) and
(2.4.10), to the defect-layer velocity w(n;&) = 1 —u (&)[fo(n)+ (/&) fi(n)+...]

yields u~ 1_(1/,Q)uT{[10g{1/¢)(}._@’(>0+%gb)l+...]+...}, (A'9)

where @, = [2(1 —log 2) +fy;(0)], ... are constants.
For the wall layer, the spatial and velocity variables are

§ =& = Reu(Re){1—y}, 9({;§) = uly; Re)[u,(Re); (A10)

and the boundary-value problem, in the domain 0 < § < oo, is given by

[+ @er 0 113 LENDED g —<§/§>}=o;}

/4 (A11)
g(&:8) >0 as {—>0.
With g({; §) taken to have an asymptotic expansion of the form
o 9(& €) = 9o(8) + (1/£) g2(O) + -, (A12)
it is found that N
{1+ REPNy(£) 900} 90(8) = 1,
joy = LLE 4RGN (I~ 1 _ } (A13)
go that | go(6) = 2(/?§)2N0(§) , Gol0)=0,....
The solution for g,(¢) is
90(&) = (1/&) [g00(£) + 90a(O)], (A 14q)
where Foo(8) = log (1 +KY),
A [ET{1+4(Rs)2 Ny(s)it—1 1 } (A 14b)
Ior(C) = Kfo [ 2(Rs)2 N o(s) 1 +/'<\s]
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Application of the intermediate limit (cf. (2.5.8) and (2.5.9)) to the wall-layer
velocity u(S; £) = u,(£) {go(8) + (1/£) 92(£) + ...} yields

u = (/&) u {[logE~log {1/pA} +]o+...1+ ...}, (A15)

where j, = —[log (1/k) — g¢1(0)], ... are constants.
From a comparison of (A 9) and (A 15), it is seen that the defect- and wall-layer
solutions for the velocity match when

1> (1/R)u (&) log £ {[1+&y/log &1+ ...}, (A 16)

with &, = (§,—®,), -.. constants (cf. results of (2.6.1)).
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